A nonlinear first-order partial differential equation in two space variables and time describes the process of kinetic sieving in an avalanche, in which larger particles tend to rise to the surface while smaller particles descend, quickly leading to completely segregated layers. The interface between layers is a shock wave satisfying its own nonlinear equation. When the interface becomes vertical, it loses stability, and develops a mixing zone. The mixing zone is described explicitly under idealized initial conditions, and verified with numerical simulation. The problem and its solution are similar to twodimensional Riemann problems for scalar first-order conservation laws; the difference here is that the equation is not scale-invariant, due to shear in the avalanche, an essential ingredient of kinetic sieving.
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industry. A significant feature of avalanches, and indeed the motion of granular materials in general, is that of particle size segregation. Most people are familiar with the Brazil nut effect in which the larger (Brazil) nuts rise to the surface of a mixture of nuts when they are agitated. In granular avalanches large particles rise to the surface by a process called kinetic sieving [5] . As an avalanche flows downslope it dilates slightly and shears parallel to the slope, so that the particles nearer to the surface move downslope faster than those close to the base. This flow acts as a random fluctuating sieve [7] in which small particles are more likely to fall into gaps that open up beneath them, because they are more likely to fit into the available space, and large particles rise on average by a nonsize preferential squeeze expulsion [7] . Overall, this creates a downslope flow that is dominated by the bulk motion, and two segregation velocities normal to the slope, one for small particles and the other for large particles, in opposite directions.
In this paper, we study a model proposed by Gray and Thornton [2, 10] , that incorporates these ideas in a natural and simple way. The Gray-Thornton model is a scalar conservation law describing the evolution of the volume fraction φ(x, y, z, t) of small particles at a location (x, y, z) at time t. If x measures distance down the slope, and z is normal distance from the slope, with y being in the transverse direction, we will consider φ to be independent of y. Then the partial differential equation is
where u(z) is the parallel bulk velocity, and S r > 0 is the segregation rate, taken to be constant. A similar model was proposed earlier by Savage and Lun [7] . The function u(z)
is monotonically increasing, modeling the effect of shear. In this paper, u(z) is taken to be linear, but more general forms are possible; however, if u(z) is strongly nonlinear, as in [6, 4] , then the segregation rate S r cannot be taken to be constant, as it will depend on the shear rate.
In fully segregated flow, φ jumps from φ = 0 to φ = 1 across a sharp interface z = z(x, t) that is a shock-wave solution of the PDE (1). The curve z = z(x, t) is in fact a wave-like solution of a nonlinear PDE, as outlined in Section 2. As this wave breaks, it becomes unstable [1] , giving way to a lens-shaped mixing region [9] . In this paper, we
give a preliminary analysis of this region, and show PDE simulations of Equation (1) that agree with the analysis.
In Section 2 we outline components of the theory of conservation laws that we need to solve initial value problems. In Section 3 we solve a specific initial value problem for Equation (1) that captures the lens-shaped behavior. The main achievement of this Evolution of Mixing Zone 3 section is to derive formulas for the detailed structure of the lens-shaped region up to a certain time, after which the detailed structure will change. In Section 4 we describe the numerical PDE solver we used to track solutions over arbitrary time intervals. The formulas from Section 3 have been incorporated into a MATLAB routine that facilitates comparison with the results from the numerical PDE solver.
Properties of the Model
In this section, we discuss constructive elements that form the basis for solving Equation (1), specifically, the method of characteristics and shock waves. Since S r > 0 can be scaled out of Equation (1), we take S r = 1. Similarly, after a linear change of variables, any
a form that is convenient for this paper, and corresponds to a frame moving with the
of the flow.
Characteristics
Characteristics for Equation (1) are defined by the ODE
On these trajectories, φ is constant, so that z = (2φ − 1)t + λ, and x(t) is the integral of u(z(t)) with respect to t. Then the characteristics are given by the following formulas:
The constants of integration, λ, µ, are determined by initial conditions, depending on the circumstances.
Shock waves
In our analysis of the lens-shaped solutions, we need to consider shock waves, which are curves z =ẑ(x, t) in the x-z plane that move with time and separate different values
be the one-sided limits of φ at the shock wave. Then the function φ is a weak solution of the PDE if and only if it satisfies the PDE away from the interface, and the Rankine-Hugoniot condition is satisfied at the shock, relating the motion of the shock to the jump in φ, or more specifically, to the flux of small particles across the interface:
Consider a solution consisting of a single smooth interface z =ẑ(x, t), separating large and small particles, and suppose thatẑ x < 0 at an initial time t = t 0 . As proved in [8] , the interface is stable only if there are more large particles above the interface than below,
i.e. φ + < φ − . In this circumstance, the interface breaks in finite time, meaning z x → −∞ at some x, as t → t * , for some t * < ∞. From numerical simulations, we observe that the subsequent behavior of the solution is quite complicated. The main feature is a mixing zone that is contained in a lens-shaped region in the x-z plane, and which evolves in time.
Explicit Solution with a Lens-Shaped Mixing Zone
To understand the structure of the lens-shaped mixing zone that appears after a sharp interface or shock has become vertical, we focus on an initial boundary value problem that can be solved explicitly for a finite time (after which the solution becomes more complex, but maintains a similar lens-shaped structure). The boundary and initial conditions we take are as follows:
This initial boundary value problem resembles a pair of two-dimensional Riemann problems [11, 12] , except that the problems considered here are not scale invariant, unless u(z) is constant. The solution of the problem for short time is shown schematically in Figure 1 . In this section, we derive the solution up to time t = 1. As in the figure, the solution is symmetric under reflection through the point x = 0, z = time t = 1. Thereafter, the solution, while retaining a lens shape, is more complicated to analyze.
Parallel contours
From the initial condition, we see that the interface along the z axis will break immediately into characteristics. These have initial location x = 0, z = z 0 at t = 0. Substituting into Equation (4), we find λ = z 0 , µ = 0. Consequently, there is a one-parameter family of characteristic curves, parameterized by z 0 . Eliminating z 0 , we deduce that for each t > 0, they form straight lines in the (x-z) plane, on each of which φ is constant:
For 0 ≤ φ ≤ 1, the characteristics are parallel lines with slope 1 2t
. This formula also gives φ(x, z, t) explicitly:
The φ = 1 characteristic intersects the upper boundary z = 1 at 
where φ − = φ(x,z(x, t)−, t) is given by Equation (8) . Thus,
Solving the equation by the method of characteristics, we find the shock curve z =z(x, t) parametrically for t > 0 :
The way to think about this parameterization is that for a fixed t, the point (x(t; t 0 ), z(t; t 0 )) sweeps out a curve as t 0 is varied. For t 0 = t, we see that the point on the curve is (x, z) = (x top (t), 1), and for t 0 → 0, the curve terminates at (x top (t), 1 − t). In between, z(t; t 0 ) increases monotonically with t 0 , and x(t; t 0 ) has a single maximum, at t 0 = t/e, with x(t, t/e) = t − t 2 + 2t 2 /e. From the formulas for the tangent vector:
we see that the curve is horizontal at the top, where t 0 = t.
The part of the shock curve with 0 < t 0 < t/e is unstable: since the curve bends back, in this section, φ > 0 above the shock and φ = 0 below. The physically relevant portion of the shock therefore ends at the point P (t) :
(t, t/e), z P (t) = z(t, t/e)),
where it is vertical:
Note that x P (t) = tz P (t).
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The rarefaction fan
To complete the solution, we show that characteristics fill in the rest of the lens shape.
We already have parallel contours in the center of the lens, and these intersect the shock until it becomes vertical, i.e. for z P (t) < z < 1. From P (t), there is a fan of contours that connects smoothly to the parallel straight-line contours, as we now show. The corresponding characteristics (4) all pass through P (t 1 ) at some earlier time t 1 < t. This condition determines the parameters λ and µ in (4):
Thus, the fan emanating from P (t) is given by
Properties of these curves demonstrate the smooth connection to the parallel contours.
First note that at t 1 = 0, Equation (7) is satisfied:
Varying φ, we obtain a set of points on a straight line L:
Let us label the point with t 1 = 0, φ = 0, as Q(t) = (x Q (t), z Q (t)):
It marks the end of the curved contour φ = 0 emanating from P (t). Note that Q(t) lies on the line L.
Finally, the fan is centered at P (t) and the slopes are continuous across L:
x(t, t; φ) = x P (t); z(t, t; φ) = z P (t);
at the end point t 1 = 0, matching the parallel contours (7).
As t → 1, we see that Q(t) approaches the origin while P (t) remains above the mid-line z = 1/2. In fact, x P (1) = z P (1) = 2/e ≈ 0.736.
To complete the lens-shaped solution up to time t = 1, we take the construction of this section, reflect it through the point (x, z) = (0, 1 2 ), and map φ → 1 − φ.
The approach of this section can also be used to continue the lens-shaped solution beyond time t = 1, but in that case the construction quickly becomes unwieldy.
Instead, we use the formulas up to time t = 1 to generate plots of the contours of φ, whose locations we can compare with the contours generated from the numerical PDE experiments. This helps us to validate the numerical PDE algorithm.
Numerical Results
Numerical results in this section reproduce the lens shape calculated in Section 3 up to time t = 1. In fact, numerical simulations provided clues to the overall structure of the lens solution, and only later was the structure verified, using the PDE simulations at high resolution.
The numerical method
The numerical method we apply to the PDE (1) is a combination of an upwind method for the linear transport in the x direction, and Godunov's method in the z direction. The resulting explicit finite difference scheme is first-order [3] .
To specify the method, we consider a uniform grid on the specified rectangle The term u(z)φ x is then approximated by
Since the flux function f(φ) = φ(φ − 1) is convex, and we anticipate discontinuities in the solutions, we employ Godunov's method for the nonlinear vertical transport. The Evolution of Mixing Zone 9 entire explicit finite difference scheme is summarized in the formula
where F + and F − are the numerical fluxes on the upper edge and lower edge of the computational cell, respectively; they are given in terms of the flux function f(φ) as follows [3] :
Since f is convex, this formula can be expressed more compactly using the following observations:
The lens
The PDE code solves the initial boundary value problem (1), (6) up to any specified time. In Figure 2 (left panel) we show the lens after it has been developed, at t = 0.9, with grayscale indicating the value of φ. The solid black curves indicate representative contours φ = const.
In Figure 2 
Discussion
In this paper, we have shown that a simple segregation model has solutions with a distinctive pattern corresponding to a mixing zone. Such mixing zones can develop from quite general initial conditions, but the general problem, of characterizing the subsequent evolution after an interface breaks is quite complex, and will be pursued in a future paper. In this paper, we idealize the problem by taking an initially vertical interface across the entire domain, so that the interface breaks immediately everywhere and not just at a single point. This gives rise to a collection of Riemann problems that we are able to solve explicitly, even though the problem fails to be scale invariant, an interesting complication of the model compared with other multidimensional Riemann problems [11, 12] . We are able to calculate an explicit lens-shaped solution up to a certain time This analytic solution is then verified in numerical experiments at high resolution. The evolution can be continued numerically beyond the range of validity of the analytic solution, and we plan to use the numerical simulations to track the solution analytically for a long time. One interesting issue is to determine whether the solution settles eventually to a steady state in which the mixing zone is still present, but no longer moves relative to the overall flow. Such a steady flow is calculated in [9] . From the point of view of hyperbolic equations, it would be interesting to know if this occurs in finite time.
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Another outstanding issue is how to continue the analytical solution beyond time t = 1. For a short time, an explicit solution can be found, although it is more complex than the early time solution presented here. Eventually though, the solution becomes implicit, and it seems a fixed-point problem must be solved to establish the solution. A similar fixed-point problem arises immediately in the more generic problem, in which a smooth interface becomes vertical at a single point.
